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Abstract
We consider the nonlocal multiscale model for surface tension [Tartakovsky, 2018] as an alternative to the
(macroscale) Young-Laplace law. The nonlocal model is obtained in the form of an integral of a molecular-force-
like function with support ε added to the Navier-Stokes momentum conservation equation. Using this model,
we calculate analytical forms for the steady-state equilibrium pressure gradient and pressure profile for circular
and spherical bubbles and flat interfaces in two and three dimensions. According to the analytical solutions, the
pressure changes continuously across the interface in a way that is quantitatively similar to what is observed in MD
simulations. Furthermore, the pressure difference Pε,in − Pε,out satisfies the Young-Laplace law for the radius of
curvature greater than 3ε and deviates from the Young-Laplace law otherwise (i.e., Pε,in−Pε,out goes to zero as the
radius of the curvature goes to zero, where Pε,out is the pressure outside of the bubble at the distance greater than
3ε from the interface and Pε,in is the pressure at the center of the bubble). The latter indicates that the surface
tension in the proposed model decreases with the decreasing radius of curvature, which agrees with molecular
dynamics simulations and laboratory experiments with nanobubbles. Therefore, our results demonstrate that the
nonlocal model behaves microscopically at scales smaller than ε and macroscopically, otherwise.
1 Non-local surface tension model
We consider the case of two fluids, denoted α and β, in static equilibrium in a domain Ω = Ωα ∪ Ωβ . The fluid
pressure Pα satisfies the static momentum conservation equation [Tartakovsky, 2018]:
∇Pα = F x ∈ Ωα. (1)
where F is the nonlocal force due to surface tension
F = −
∫
Ω
s(x,y)fε(|x− y|) x− y|x− y| dy, x ∈ Ω. (2)
Here, s(x,y) is the force strength and fε(|x− y|) is the force shape function. The force strength is given by
s(x,y) =
 sαα, x ∈ Ωα, y ∈ Ωα,sαβ , x ∈ Ωα, y ∈ Ωβ ,
sββ , x ∈ Ωβ , y ∈ Ωβ .
(3)
To ensure that σ is positive, the coefficients must satisfy sαα + sββ > 2sαβ . Following Tartakovsky and Panchenko
[2016], we take sαα = sββ = 10
ksαβ with k = 3. Then, the coefficients are given by
sαα = sββ =
1
2(1− 10−k)
σ
λ
, (4)
where σ is the macroscopic surface tension. The coefficient λ depends on the shape of fε as determined by Tartakovsky
and Panchenko [2016]:
λ =
1
8
pi
∞∫
0
z4fε(z)dz (5)
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and
λ =
1
3
∞∫
0
z3fε(z)dz (6)
in three and two spatial dimensions, respectively.
The force shape function must be negative for small |x − y| and positive for large |x − y|. Several forms of fε
have been proposed in Tartakovsky and Panchenko [2016]. In this paper we take
fε(|x− y|) = |x− y|
[
−Ae−
|x−y|2
2ε20 + e−
|x−y|2
2ε2
]
. (7)
For fε given by eq. 7, eq. 5 gives λ =
1
2
√
2pi
(
ε5 −Aε50
)
in two dimensions and eq. 6 gives λ = pi
(
ε6 −Aε60
)
in
three dimensions. For the figures in this paper we use A =
(
ε
ε0
)3
and ε0 = 0.5ε, although the analytical results are
independent of the choice of A and ε0. In numerical simulations the parameter ε is picked to be on the order of the
grid spacing.
We note that the Young-Laplace (YL) law
Pα − Pβ = κσ (8)
results in eq. 1 with
F = σκ∇φ, (9)
where κ is the interface curvature and φ is the color function
φ(x) =
{
0, x ∈ Ωα,
1, x ∈ Ωβ . (10)
2 Two-dimensional bubble
Consider a circular bubble with radius a centered at (0, 0). In steady state, we have:
∇P (x) = −
∫
s(x,y)fε(x− y) x− y|x− y| dy = −
∫
s(x,y)
[
e
−|x−y|2
2ε2 −Ae
−|x−y|2
2ε20
]
(x− y) dy (11)
For convenience, we work in polar coordinates. Let y = (r cos θ, r sin θ) and x = (ri cos θi, ri sin θi). Then, x−y =
(ri cos θi−r cos θ, ri sin θi−r sin θ)T and |x−y|2 = r2i +r2−2rri(cos θi cos θ+sin θi sin θ) = r2i +r2−2rri(cos(θ−θi)).
We get:
∂P
∂ri
= −
∫ ∞
0
∫ 2pi
0
s(x,y)
[
e
−(r2+r2i−2rri cos(θ−θi))
2ε2 −Ae
−(r2+r2i−2rri cos(θ−θi))
2ε20
]
[(ri cos θi − r cos θ) cos θi
+ (ri sin θi − r sin θ) sin θi] r dθdr (12)
1
ri
∂P
∂θi
= −
∫ ∞
0
∫ 2pi
0
s(x,y)
[
e
−(r2+r2i−2rri cos(θ−θi))
2ε2 −Ae
−(r2+r2i−2rri cos(θ−θi))
2ε20
]
[−(ri cos θi − r cos θ) sin θi
+ (ri sin θi − r sin θ) cos θi] r dθdr (13)
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First consider ∂P∂θ :
1
ri
∂P
∂θi
= −
∫ ∞
0
∫ 2pi
0
s(x,y)
[
e
−(r2+r2i−2rri cos(θ−θi))
2ε2 −Ae
−(r2+r2i−2rri cos(θ−θi))
2ε20
]
[−(ri cos θi − r cos θ) sin θi
+ (ri sin θi − r sin θ) cos θi] r dθdr
=
∫ ∞
0
∫ 2pi
0
s(x,y)
[
e
−(r2+r2i−2rri cos(θ−θi))
2ε2 −Ae
−(r2+r2i−2rri cos(θ−θi))
2ε20
]
r2 sin(θ − θi) dθdr
= 0. (14)
Now we turn to ∂P∂ri :
∂P
∂ri
= −
∫ ∞
0
∫ 2pi
0
s(x,y)
[
e
−(r2+r2i−2rri cos(θ−θi))
2ε2 −Ae
−(r2+r2i−2rri cos(θ−θi))
2ε20
]
[(ri cos θi − r cos θ) cos θi
+ (ri sin θi − r sin θ) sin θi] r dθdr
= −
∫ ∞
0
∫ 2pi
0
s(x,y)
[
e
−(r2+r2i−2rri cos(θ−θi))
2ε2 −Ae
−(r2+r2i−2rri cos(θ−θi))
2ε20
]
[ri − r cos(θ − θi)] r dθdr (15)
We will consider the integral for κ where κ = 2ε2 or κ = 2ε20 on an interval [b, c] where s(x,y) is constant (i.e.,
[b, c] ∈ [0, a) or [b, c] ∈ (a,∞).)∫ c
b
∫ 2pi
0
s(x,y)e
−(r2+r2i−2rri cos(θ−θi))
2ε2 (ri − r cos(θ − θi))r dθdr = 2pis
∫ c
b
e
−(r2+r2i )
κ
[
rriI0
(
2rri
κ
)
− r2I1
(
2rri
κ
)]
dr
(16)
Now consider the first term in eq. 16 and substitute w = 2rriκ :
2pise−
r2i
κ
∫ c
b
e−
r2
κ rriI0
(
2rri
κ
)
dr =
2pisκ2
4ri
e−
r2i
κ
∫ 2cri/κ
2bri/κ
e−
w2
κ˜ wI0 (w) dw (17)
where κ˜ = (2ri)
2/κ. We integrate by parts with u = e−
w2
κ˜ and dv = wI0 (w) dw. This gives
2pisκ2
4ri
e−
r2i
κ
∫ 2cri/κ
2bri/κ
e−
w2
κ˜ wI0 (w) dw =
2pisκ2
4ri
e−
r2i
κ
{[
e−
w2
κ˜ wI1 (w)
]2cri/κ
2bri/κ
+
2
κ˜
∫ 2cri/κ
2bri/κ
w2e−
w2
κ˜ I1 (w) dw
}
= 2pise−
r2i
κ
{[
κ
2
e−
r2
κ rI1
(
2rri
κ
)]c
b
+
∫ c
b
r2e−
r2
κ I1
(
2rri
κ
)
dr
}
(18)
Therefore, substituting eq. 18 into eq. 16 we have:
2pis
∫ c
b
e
−(r2+r2i )
κ
[
rriI0
(
2rri
κ
)
− r2I1
(
2rri
κ
)]
dr
= 2pise−
r2i
κ
{[
κ
2
e−
r2
κ rI1
(
2rri
κ
)]c
b
+
∫ c
b
r2e−
r2
κ I1
(
2rri
κ
)
dr −
∫ c
b
e−
r2
κ r2I1
(
2rri
κ
)
dr
}
= 2pise−
r2i
κ
[
κ
2
e−
r2
κ rI1
(
2rri
κ
)]c
b
(19)
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If ri ≤ a, s(r, ri) = sαα if r ≤ a and s(r, ri) = sab if r > a. Therefore,
2pi
∫ ∞
0
s(r, ri)e
−(r2+r2i )
κ
[
rriI0
(
2rri
κ
)
− r2I1
(
2rri
κ
)]
dr
= 2pi
∫ a
0
sααe
−(r2+r2i )
κ
[
rriI0
(
2rri
κ
)
− r2I1
(
2rri
κ
)]
dr + 2pi
∫ ∞
a
sabe
−(r2+r2i )
κ
[
rriI0
(
2rri
κ
)
− r2I1
(
2rri
κ
)]
dr
= 2pisααe
− r
2
i
κ
[
κ
2
e−
r2
κ rI1
(
2rri
κ
)]a
0
+ 2pisabe
− r
2
i
κ
[
κ
2
e−
r2
κ rI1
(
2rri
κ
)]∞
a
= 2pisααe
− r
2
i
κ
[
κ
2
e−
a2
κ aI1
(
2ari
κ
)]
− 2pisabe−
r2i
κ
[
κ
2
e−
a2
κ aI1
(
2ari
κ
)]
= aκpi(sαα − sαβ)e−
r2i+a
2
κ I1
(
2ari
κ
)
(20)
A similar expression will hold if ri > a, with sαα and sαβ switched.
Now,
∂P
∂ri
= −
∫ ∞
0
∫ 2pi
0
s(x,y)
[
e
−(r2+r2i−2rri cos θ)
2ε2 −Ae
−(r2+r2i−2rri cos θ)
2ε20
]
(ri − r cos θ)r dθdr
= −2aε2pi(sαα − sαβ)e−
r2i+a
2
2ε2 I1
(ari
ε2
)
− 2Aaε20pi(sαα − sαβ)e
− r
2
i+a
2
2ε20 I1
(
ari
ε20
)
= −2api(sαα − sαβ)
[
ε2e−
r2i+a
2
2ε2 I1
(ari
ε2
)
−Aε20e
− r
2
i+a
2
2ε20 I1
(
ari
ε20
)]
(21)
To summarize,
∂P
∂ri
= −2api(sαα − sαβ)
[
ε2e−
r2i+a
2
2ε2 I1
(ari
ε2
)
−Aε20e
− r
2
i+a
2
2ε20 I1
(
ari
ε20
)]
(22)
∂P
∂θi
= 0 (23)
Switching back to Cartesian coordinates,
∂P
∂x
= −2api(sαα − sαβ)
[
ε2e−
|x|2+a2
2ε2 I1
(
a|x|
ε2
)
−Aε20e
− |x|2+a2
2ε20 I1
(
a|x|
ε20
)]
x
|x| (24)
∂P
∂y
= −2api(sαα − sαβ)
[
ε2e−
|x|2+a2
2ε2 I1
(
a|x|
ε2
)
−Aε20e
− |x|2+a2
2ε20 I1
(
a|x|
ε20
)]
y
|x| (25)
Equations 24 and 25 hold if r = |x| < a. If r = |x| > a they must be multiplied by -1. Introduce the Heaviside
step function H, given by
H[x] =
{
0 x ≤ 0
1 x > 0.
Then,
∂P
∂x
= −(1− 2H[|x| − a])2api(sαα − sαβ)
[
ε2e−
|x|2+a2
2ε2 I1
(
a|x|
ε2
)
−Aε20e
− |x|2+a2
2ε20 I1
(
a|x|
ε20
)]
x
|x| (26)
∂P
∂y
= −(1− 2H[|x| − a])2api(sαα − sαβ)
[
ε2e−
|x|2+a2
2ε2 I1
(
a|x|
ε2
)
−Aε20e
− |x|2+a2
2ε20 I1
(
a|x|
ε20
)]
y
|x| (27)
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To find the pressure we need to integrate eq. 26:
P (x)−P (∞) = −
∫ x
∞
(1− 2H[|xi| − a])2api(sαα− sαβ)
[
ε2e−
|xi|2+a2
2ε2 I1
(
a|xi|
ε2
)
−Aε20e
− |xi|2+a2
2ε20 I1
(
a|xi|
ε20
)]
xi
|xi| dxi
(28)
Note that the modified Bessel function of the first kind can be represented as an infinite sum of polynomials, with
u =
√
x2i + y
2
i .∫ ∞
x
(
1− 2H[
√
x2i + y
2
i − a]
)
e−
x2i+y
2
i
2ε2 I1
(
a
√
x2i + y
2
i
ε2
)
xi√
x2i + y
2
i
dxi
=
∫ ∞
√
x2+y2i
(1− 2H[u− a]) e− u
2
2ε2
∞∑
l=0
1
l!(l + 1)!
(au
ε2
)2l+1
du
=
∞∑
l=0
a
l!(l + 1)!
(
a2
2ε2
)l [
−1
2
Γ
(
l + 1,
u2
2ε2
)
+H[u− a]
(
Γ
(
l + 1,
a2
2ε2
)
− Γ
(
l + 1,
u2
2ε2
))]∞
√
x2+y2i
=
∞∑
l=0
a
l!(l + 1)!
(
a2
2ε2
)l [
−1
2
Γ
(
l + 1,
x2i + y
2
i
2ε2
)
+H
[√
x2i + y
2
i − a
](
Γ
(
l + 1,
a2
2ε2
)
− Γ
(
l + 1,
x2i + y
2
i
2ε2
))]∞
x
=
∞∑
l=0
a
l!(l + 1)!
(
a2
2ε2
)l
Γ
(
l + 1,
a2
2ε2
)
−
∞∑
l=0
a
l!(l + 1)!
(
a2
2ε2
)l [
1
2
Γ
(
l + 1,
x2 + y2i
2ε2
)
+H
[√
x2 + y2i − a
](
Γ
(
l + 1,
a2
2ε2
)
− Γ
(
l + 1,
x2 + y2i
2ε2
))]
(29)
where we used the fact that Γ(k, x) is the upper incomplete gamma function, which has the properties Γ(k, 0) =
Γ(k) = (k − 1)! and limx→∞ Γ(k, x) = 0. Also, H[0 − a] = 0 and limx→∞H[x − a] = 1. Substituting eq. 29 in to
eq. 28 gives the pressure at the center of the bubble. We can use a similar process to find the pressure at any point
r =
√
x2 + y2:
P (r)− P (∞) = 4pi(sαα − sαβ)
(
ε4G(r, ε)−Aε40G(r, ε0)
)
(30)
where
G(r, ε) =
e
− a2
2ε2
∑∞
l=0
1
l!(l+1)!
(
a2
2ε2
)l+1 [
Γ
(
l + 1, a
2
2ε2
)
− 12Γ
(
l + 1, r
2
2ε2
)]
r < a
e−
a2
2ε2
∑∞
l=0
1
l!(l+1)!
(
a2
2ε2
)l+1 [
1
2Γ
(
l + 1, r
2
2ε2
)]
r ≥ a
(31)
It is easy to check that this is continuous at r = a.
Note that e−
a2
2ε2
∑∞
l=0
1
l!(l+1)!
(
a2
2ε2
)l+1
Γ
(
l + 1, r
2
2ε2
)
can be represented as:
e−
a2
2ε2
∞∑
l=0
1
l!(l + 1)!
(
a2
2ε2
)l+1
Γ
(
l + 1,
r2
2ε2
)
= e−
a2+r2
2ε2
[
Φ3
(
1, 1,
a2
2ε2
,
a2r2
4ε4
)
− I0
(ar
ε2
)]
(32)
where Φ3 denotes the Humbert series and I0 is a modified Bessel function of the first kind. Therefore,
G(r, ε) =
e
− a2
ε2
[
Φ3
(
1, 1, a
2
2ε2 ,
a4
4ε4
)
− I0
(
a2
ε2
)]
− 12e−
a2+r2
2ε2
[
Φ3
(
1, 1, a
2
2ε2 ,
a2r2
4ε4
)
− I0
(
ar
ε2
)]
r < a
1
2e
− a2+r2
2ε2
[
Φ3
(
1, 1, a
2
2ε2 ,
a2r2
4ε4
)
− I0
(
ar
ε2
)]
r ≥ a
(33)
The solution from eqs. 26, 27 and 30 are plotted in fig. 1, with a comparison to numerically integrating eq.
11. The radius of support for which the gradient of the pressure is non-zero corresponds to a region of 3.5ε around
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the interface. The pressure profiles vary continuously across the interface, instead of a sharp discontinuity, and the
behavior is quantitatively similar to that of MD simulations [Masuda and Sawada, 2011, Nakamura et al., 2011]. For
a/ε = 2, the pressure difference between the inside and outside of the bubble, Pε,in−Pε,out is less than σ/a, showing
that the pressure difference deviates from the Young-Laplace law in this case. The pressure difference begins to
deviate from the Young-Laplace law at a/ε ≈ 3.5, and Pε,in − Pε,out decreases as a/ε decreases.
Figure 1: Comparison of numerical integration and the exact solution with a/ε = 6 (left) and a/ε = 2 (right). Note
the discontinuity the forms when a/ε = 2. This corresponds to the negative pressures seen in the simulations. In
this case the pressure (bottom row) does not become negative, but it is significantly reduced from its original value.
The values are taken along the line (x, y) = (r cos(0.2), r sin(0.2)).
3 Three-dimensional bubble
We consider a sphere with radius a centered at the origin. Let the point where we desire to calculate the pressure be
x = (xi, yi, zi). For ease, of computation, we switch to spherical coordinates, so x = (ri sin θi cosϕi, ri sin θi sinϕi, ri cos θi).
Denote the point y as (r sin θ cosϕ, r sin θ sinϕ, r cos θ). Note that |x− y|2 = r2 + r2i − 2rri sin θ sin θi cos(ϕ− ϕi)−
2rri cos θ cos θi. Also, s(x,y) will depend only on r and ri.
We will first consider the derivative with respect to ϕ:
1
ri sin θi
∂P
∂ϕi
= −
∫ ∞
0
∫ pi
0
∫ 2pi
0
s(r, ri)e
− r
2+r2i−2rri sin θ sin θi cos(ϕ−ϕi)−2rri cos θ cos θi
2ε2 r3 sin(ϕ− ϕi) sin2 θ dϕdθdr
+A
∫ ∞
0
∫ pi
0
∫ 2pi
0
s(r, ri)e
− r
2+r2i−2rri sin θ sin θi cos(ϕ−ϕi)−2rri cos θ cos θi
2ε20 r3 sin(ϕ− ϕi) sin2 θ dϕdθdr
= 0. (34)
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Now, consider the derivative with respect to θ:
1
ri
∂P
∂θi
= −
∫ ∞
0
∫ pi
0
∫ 2pi
0
s(r, ri)e
− r
2+r2i−2rri sin θ sin θi cos(ϕ−ϕi)−2rri cos θ cos θi
2ε2 r3[sin2 θ cos θi cos(ϕ− ϕi)
− sin θ cos θ sin θi] dϕdθdr
+A
∫ ∞
0
∫ pi
0
∫ 2pi
0
s(r, ri)e
− r
2+r2i−2rri sin θ sin θi cos(ϕ−ϕi)−2rri cos θ cos θi
2ε20 r3[sin2 θ cos θi cos(ϕ− ϕi)
− sin θ cos θ sin θi] dϕdθdr. (35)
Let κ = 2ε2 or 2ε20 and consider one term of the integral in eq. 35:∫ ∞
0
∫ pi
0
∫ 2pi
0
s(r, ri)e
− r
2+r2i−2rri sin θ sin θi cos(ϕ−ϕi)−2rri cos θ cos θi
κ r3[sin2 θ cos θi cos(ϕ− ϕi)
− sin θ cos θ sin θi] dϕdθdr
= 2pi
∫ ∞
0
s(r, ri)r
3e−
r2+r2i
κ
∫ pi
0
e
2rri cos θ cos θi
κ
[
sin2 θ cos θiI1
(
2rri sin θ sin θi
κ
)
− sin θ cos θ sin θiI0
(
2rri sin θ sin θi
κ
)]
dθdr (36)
Consider integration by parts on the last term in eq. 36 with u = e
2rri cos θ cos θi
κ and
dv = sin θ cos θ sin θiI0
(
2rri sin θ sin θi
κ
)
dθ. For ease of notation let C = 2rriκ . Then,
∫
dv = sin θI1(C sin θ sin θi)C and
du = −C cos θi sin θeC cos θ cos θidθ, so∫ pi
0
eC cos θ cos θi sin θ cos θ sin θiI0 (C sin θ sin θi) dθ
=
[
eC cos θ cos θi
sin θI1 (C sin θ sin θi)
C
]pi
0
+
∫ pi
0
C cos θi sin θe
C cos θ cos θi
sin θI1 (C sin θ sin θi)
C
dθ
=
∫ pi
0
sin2 θ cos θie
C cos θ cos θiI1 (C sin θ sin θi) dθ
Note that this is exactly the quantity in the first part of the integral in eq. 36 but will have opposite sign, so therefore
1
ri
∂P
∂θi
= 0. (37)
Now we turn to the derivative with respect to r:
∂P
∂ri
= −
∫ ∞
0
∫ pi
0
∫ 2pi
0
s(r, ri)e
− r
2+r2i−2rri sin θ sin θi cos(ϕ−ϕi)−2rri cos θ cos θi
2ε2 r2 sin θ[r cos θ cos θi + r sin θ sin θi cos(ϕ− ϕi)
− ri] dϕdθdr
+A
∫ ∞
0
∫ pi
0
∫ 2pi
0
s(r, ri)e
− r
2+r2i−2rri sin θ sin θi cos(ϕ−ϕi)−2rri cos θ cos θi
2ε20 r2 sin θ[r cos θ cos θi + r sin θ sin θi cos(ϕ− ϕi)
− ri] dϕdθdr (38)
Let κ be defined as above and consider one of the integrals in eq. 38.∫ ∞
0
∫ pi
0
∫ 2pi
0
s(r, ri)e
− r
2+r2i−2rri sin θ sin θi cos(ϕ−ϕi)−2rri cos θ cos θi
κ r2 sin θ[r cos θ cos θi + r sin θ sin θi cos(ϕ− ϕi)− ri] dϕdθdr
= 2pi
∫ ∞
0
s(r, ri)e
− r
2+r2i
κ r2
∫ pi
0
e
2rri cos θ cos θi
κ
[
(r cos θ sin θ cos θi − ri sin θ) I0
(
2rri sin θ sin θi
κ
)
+
(
r sin2 θ sin θi
)
I1
(
2rri sin θ sin θi
κ
)]
dθdr (39)
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Again let C = 2rriκ . We assume θi = 0. Then,
2pi
∫ ∞
0
s(r, ri)e
− r
2+r2i
κ r2
∫ pi
0
eC cos θ [(r cos θ sin θ − ri sin θ)] dθdr
= 2pi
∫ ∞
0
s(r, ri)e
− r
2+r2i
κ r2
[
r
eC cos θ(1− C cos θ)
C2
+ ri
eC cos θ
C
]pi
0
dr
= −2pi
∫ ∞
0
s(r, ri)e
− r
2+r2i
κ
[(
κ2
2r2i
+ κ
)
r sinh
(
2rri
κ
)
− κ
ri
r2 cosh
(
2rri
κ
)]
dr
Note that s(r, ri) will be constant for r ∈ [0, a] and r ∈ (a,∞), so
− 2pi
∫ ∞
0
s(r, ri)e
− r
2+r2i
κ
[(
κ2
2r2i
+ κ
)
r sinh
(
2rri
κ
)
− κ
ri
r2 cosh
(
2rri
κ
)]
dr
= −2pi
∫ a
0
s1e
− r
2+r2i
κ
[(
κ2
2r2i
+ κ
)
r sinh
(
2rri
κ
)
− κ
ri
r2 cosh
(
2rri
κ
)]
dr
− 2pi
∫ ∞
a
s2e
− r
2+r2i
κ
[(
κ2
2r2i
+ κ
)
r sinh
(
2rri
κ
)
− κ
ri
r2 cosh
(
2rri
κ
)]
dr (40)
where s1 and s2 are constants that depend on whether ri ∈ [0, a] or ri ∈ (a,∞).
We break the integral in eq. 40 into two parts:
J0 := −2piκ
ri
e−
r2i
κ
∫
se−
r2
κ r2 cosh
(
2rri
κ
)
dr
= −piκ
2
8ri
[√
κpi(4r2i + 2κ)
κ
(
erf
(
r − ri√
κ
)
+ erf
(
r + ri√
κ
))
− 4e− (ri+r)
2
κ
(
(ri + r)e
4rir
κ − ri + r
)]
We need to evaluate J0 at 0, a, and ∞. At zero, we have:
J0(0) = −piκ
2
8ri
[√
κpi(4r2i + 2κ)
κ
(
erf
(−ri√
κ
)
+ erf
(
ri√
κ
))
−4e−
r2i
κ (ri − ri)
]
= 0
At a we have:
J0(a) = −piκ
2
8ri
[√
κpi(4r2i + 2κ)
κ
[
erf
(
a− ri√
κ
)
+ erf
(
a+ ri√
κ
)]
− 4e− (ri+r)
2
κ
(
(ri + a)e
4ria
κ − ri + a
)]
= − (piκ)
3/2(2r2i + κ)
4ri
[
erf
(
a− ri√
κ
)
+ erf
(
a+ ri√
κ
)]
+
piκ2
2ri
e−
(ri+r)
2
κ
(
(ri + a)e
4ria
κ − ri + a
)
And finally,
lim
r→∞ J0(r) = − limr→∞
piκ2
8ri
[√
κpi(4r2i + 2κ)
κ
(
erf
(
r − ri√
κ
)
+ erf
(
r + ri√
κ
))
− 4e− (ri+r)
2
κ
(
(ri + r)e
4rir
κ − ri + r
)]
= −piκ
2
8ri
√
κpi(4r2i + 2κ)
κ
(1 + 1) + lim
r→∞
piκ2
8ri
[
4e−
(ri+r)
2
κ
(
(ri + r)e
4rir
κ − ri + r
)]
= − (piκ)
3/2(4r2i + 2κ)
4ri
The second part of the integral in eq. 40 gives:
J1 := 2pi
(
κ2
2r2i
+ κ
)
e−
r2i
κ
∫
e−
r2
κ r sinh
(
2rri
κ
)
dr
=
(piκ)3/2(κ+ 2r2i )
4ri
[
erf
(
r − ri√
κ
)
+ erf
(
r + ri√
κ
)]
− piκ
2
(
κ2
2r2i
+ κ
)
e−
(ri+r)
2
κ
[
e
4rir
κ − 1
]
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We again evaluate J1 at 0, a, and find the limit as r approaches ∞.
J1(0) =
(piκ)3/2(κ+ 2r2i )
4ri
[
erf
(−ri√
κ
)
+ erf
(
ri√
κ
)]
− piκ
2
(
κ2
2r2i
+ κ
)
e−
(ri)
2
κ
[
e0 − 1] = 0
J1(a) =
(piκ)3/2(κ+ 2r2i )
4ri
[
erf
(
a− ri√
κ
)
+ erf
(
a+ ri√
κ
)]
− piκ
2
(
κ2
2r2i
+ κ
)
e−
(ri+a)
2
κ
[
e
4ria
κ − 1
]
lim
r→∞ J1(r) = limr→∞
(piκ)3/2(κ+ 2r2i )
4ri
[
erf
(
r − ri√
κ
)
+ erf
(
r + ri√
κ
)]
− piκ
2
(
κ2
2r2i
+ κ
)
e−
(ri+r)
2
κ
[
e
4rir
κ − 1
]
=
(piκ)3/2(κ+ 2r2i )
2ri
Note that J0(0) + J1(0) = 0 and limr→∞ J0(r) + J1(r) = − (piκ)
3/2(κ+2r2i )
2ri
+
(piκ)3/2(κ+2r2i )
2ri
. Therefore,
2pie−
r2i
κ
∫ a
0
e−
r2
κ
[(
κr2
ri
− κr
)
cosh
(
2rri
κ
)
− κ
2r
2r2i
sinh
(
2rri
κ
)]
dr = J0(a)− J0(0) + J1(a)− J1(0)
=
piκ2
2ri
e−
(ri+a)
2
κ
[
2ria− κ
2ri
e
4ria
κ +
2ria+ κ
2ri
]
Similarly,
2pie−
r2i
κ
∫ ∞
a
e−
r2
κ
[(
κr2
ri
− κr
)
cosh
(
2rri
κ
)
− κ
2r
2r2i
sinh
(
2rri
κ
)]
dr = lim
r→∞ J0(r)− J0(a) + limr→∞ J1(r)− J1(a)
= −piκ
2
2ri
e−
(ri+a)
2
κ
[
2ria− κ
2ri
e
4ria
κ +
2ria+ κ
2ri
]
Thus, we have, for r ∈ [0, a] and θi = 0:
∂P
∂θi
= 0 (41)
∂P
∂ϕi
= 0 (42)
∂P
∂ri
= −(1− 2H[ri − a])(sαα − sαβ)2piε
4
ri
e−
(ri+a)
2
2ε2
[
ria− ε2
ri
e
4ria
2ε2 +
ria+ ε
2
ri
]
+A(1− 2H[ri − a])(sαα − sαβ)2piε
4
0
ri
e
− (ri+a)2
2ε20
[
ria− ε20
ri
e
4ria
2ε20 +
ria+ ε
2
0
ri
]
(43)
Note that since the partial derivatives with respect to θi and ϕi are zero,
∂P
∂x =
x
|x|
∂P
∂ri
, ∂P∂y =
y
|x|
∂P
∂ri
, and
∂P
∂z =
z
|x|
∂P
∂ri
.
To find the pressure, we need to integrate equation 43:
P (r)− P (∞) = −
∫ r
∞
(1− 2H[ri − a])(sαα − sαβ)2piε
4
ri
e−
(ri+a)
2
2ε2
[
ria− ε2
ri
e
4ria
2ε2 +
ria+ ε
2
ri
]
dri
+A
∫ r
∞
(1− 2H[ri − a])(sαα − sαβ)2piε
4
0
ri
e
− (ri+a)2
2ε20
[
ria− ε20
ri
e
4ria
2ε20 +
ria+ ε
2
0
ri
]
dri (44)
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Note that eq. 44 is equivalent to
P (r)− P (∞) = −(sαα − sαβ)4piε4e−
a2
2ε2
∫ r
∞
(1− 2H[ri − a])e−
r2i
2ε2
[
a
ri
cosh
(ria
ε2
)
− ε
2
r2i
sinh
(ria
ε2
)]
dri
+A(sαα − sαβ)4piε40e
− a2
2ε20
∫ r
∞
(1− 2H[ri − a])e
− r
2
i
2ε20
[
a
ri
cosh
(
ria
ε20
)
− ε
2
0
r2i
sinh
(
ria
ε20
)]
dri (45)
For r > a, the first integral in eq. 45 reduces to
J2(r, ε) := (sαα − sαβ)4piε4e−
a2
2ε2
∫ r
∞
e−
r2i
2ε2
[
a
ri
cosh
(ria
ε2
)
− ε
2
r2i
sinh
(ria
ε2
)]
dri (46)
For a > r, we can then consider
J1(r, ε) := −J2(a, ε)− (sαα − sαβ)4piε4e−
a2
2ε2
∫ r
a
e−
r2i
2ε2
[
a
ri
cosh
(ria
ε2
)
− ε
2
r2i
sinh
(ria
ε2
)]
dri (47)
Consider integration by parts on the first term in eq. 46.∫ r
∞
e−
r2i
2ε2
a
ri
cosh
(ria
ε2
)
=
[
ε2
ri
e−
r2i
2ε2 sinh
(ria
ε2
)]r
∞
+
∫ r
∞
e−
r2i
2ε2 sinh
(ria
ε2
)(
1 +
ε2
r2i
)
dri
=
ε2
r
e−
r2
2ε2 sinh
(ra
ε2
)
−
√
2piε
4
e
a2
2ε2
[
erf
(
a− ri√
2ε
)
+ erf
(
a+ ri√
2ε
)]r
∞
+
∫ r
∞
e−
r2i
2ε2 sinh
(ria
ε2
) ε2
r2i
dri
=
ε2
r
e−
r2
2ε2 sinh
(ra
ε2
)
−
√
2piε
4
e
a2
2ε2
[
erf
(
a− r√
2ε
)
+ erf
(
a+ r√
2ε
)]
+
∫ r
∞
e−
r2i
2ε2 sinh
(ria
ε2
) ε2
r2i
dri. (48)
Combining eq. 48 with eq. 46 gives:
J2(r, ε) : = (sαα − sαβ)4piε4e−
a2
2ε2
(
ε2
r
e−
r2
2ε2 sinh
(ra
ε2
)
−
√
2piε
4
e
a2
2ε2
[
erf
(
a− r√
2ε
)
+ erf
(
a+ r√
2ε
)]
+
∫ r
∞
e−
r2i
2ε2 sinh
(ria
ε2
) ε2
r2i
dri −
∫ r
∞
e−
r2i
2ε2
ε2
r2i
sinh
(ria
ε2
)
dri
)
= (sαα − sαβ)4piε4
(
ε2
r
e−
a2+r2
2ε2 sinh
(ra
ε2
)
−
√
2piε
4
[
erf
(
a− r√
2ε
)
+ erf
(
a+ r√
2ε
)])
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Note that J2(a, ε) = (sαα − sαβ)4piε4
(
ε2
r e
− a2
ε2 sinh
(
a2
ε2
)
−
√
2piε
4
[
erf
(
2a√
2ε
)])
. Therefore,
J1(r, ε) = (sαα − sαβ)4piε4
(
ε2
a
e−
a2
ε2 sinh
(
a2
ε2
)
−
√
2piε
4
[
erf
(
2a√
2ε
)])
− (sαα − sαβ)4piε4e−
a2
2ε2
∫ r
a
e−
r2i
2ε2
[
a
ri
cosh
(ria
ε2
)
− ε
2
r2i
sinh
(ria
ε2
)]
dri
= (sαα − sαβ)4piε4
(
ε2
r
e−
a2
ε2 sinh
(
a2
ε2
)
−
√
2piε
4
[
erf
(
2a√
2ε
)])
− (sαα − sαβ)4piε4
{[
ε2
ri
e−
a2+r2i
2ε2 sinh
(ria
ε2
)]r
a
−
√
2piε
4
[
erf
(
a− ri√
2ε
)
+ erf
(
a+ ri√
2ε
)]r
a
}
= −(sαα − sαβ)4piε4
{
−2ε
2
a
e−
a2
ε2 sinh
(
a2
ε2
)
+
√
2piε
2
erf
(
2a√
2ε
)
+
ε2
r
e−
a2+r2
2ε2 sinh
(ra
ε2
)
−
√
2piε
4
[
erf
(
a− r√
2ε
)
+ erf
(
a+ r√
2ε
)]}
(49)
So, we get:
P (r)− P (∞) =

(sαα − sαβ)4piε5
(
ε
r e
− a2+r2
2ε2 sinh
(
ra
ε2
)− √2pi4 [erf (a−r√2ε)+ erf (a+r√2ε)]
)
−A(sαα − sαβ)4piε50
(
ε0
r e
− a2+r2
2ε20 sinh
(
ra
ε20
)
−
√
2pi
4
[
erf
(
a−r√
2ε0
)
+ erf
(
a+r√
2ε0
)])
r ≥ a
−(sαα − sαβ)4piε5
{
−2 εae−
a2
ε2 sinh
(
a2
ε2
)
+
√
2pi
2 erf
(
2a√
2ε
)
+ εr e
− a2+r2
2ε2 sinh
(
ra
ε2
)
−
√
2pi
4
[
erf
(
a−r√
2ε
)
+ erf
(
a+r√
2ε
)]}
+A(sαα − sαβ)4piε50
{
−2 ε0a e
− a2
ε20 sinh
(
a2
ε20
)
+
√
2pi
2 erf
(
2a√
2ε0
)
+ ε0r e
− a2+r2
2ε20 sinh
(
ra
ε20
)
−
√
2pi
4
[
erf
(
a−r√
2ε0
)
+ erf
(
a+r√
2ε0
)]}
r < a
(50)
The pressure profile from eq. 50 and the derivative of the pressure from eq. 43 are plotted in fig. 2 for two values of
a/ε. As discussed before, the radius of support for the gradient of the pressure is 3.5ε, and for a/ε = e, the pressure
difference Pε,in − Pε,out varies from the Young-Laplace law.
We can now consider the value of the pressure at r = 0. For a sphere, the pressure jump should be P (0)−P (∞) =
2σ
a in the limit a/ε→∞.
lim
r→0
−(sαα − sαβ)4piε5
{
−2ε
a
e−
a2
ε2 sinh
(
a2
ε2
)
+
√
2pi
2
erf
(
2a√
2ε
)
+
ε
r
e−
a2+r2
2ε2 sinh
(ra
ε2
)
−
√
2pi
4
[
erf
(
a− r√
2ε
)
+ erf
(
a+ r√
2ε
)]}
= −(sαα − sαβ)4piε5
{
− ε
a
(
1− e− 2a
2
ε2
)
+
√
2pi
2
erf
(
2a√
2ε
)
+
a
ε
e−
a2
2ε2 −
√
2pi
2
erf
(
a√
2ε
)}
(51)
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Figure 2: (Top) Comparison of numerical integration of eq. 38 and the analytic solution in eq. 43 with a/ε = 6,
a = 1 (left) and a/ε = 3, a = 1 (right). (Bottom) Comparison of the analytic solution in eq. 50 and numerically
integrating eq. 43.
Now, let η = aε and expand the terms in eq. 51 containing an error function at η =∞.
− (sαα − sαβ)4piε5
{
−1
η
+
1
η
e−2η
2
+
√
2pi
2
(
1 + e−2η
2
[
− 1√
2piη
+
1
4
√
2piη3
])
+ηe−
η2
2 −
√
2pi
2
(
1 + e−η
2/2
[
−
√
2√
piη
+
√
2√
piη3
])
+O
(
e−η
2/2 1
η5
)}
= (sαα − sαβ)4piε5
(
1
η
)
+O
(
e−η
2/2η
)
= (sαα − sαβ)4piε
6
a
+O
(
e−η
2/2η
)
(52)
Therefore up to order O
(
e−η
2/2η
)
,
P (0)− P (∞) ≈ (sαα − sαβ)4piε
6
a
−A(sαα − sαβ)4piε
6
0
a
=
σ
2λ
4pi
a
(
ε6 −Aε60
)
=
σ
2pi (ε6 −Aε60)
4pi
a
(
ε6 −Aε60
)
=
2σ
a
(53)
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We now consider the general case, where θi can vary. At equilibrium for a spherical symmetrical system we get
dp
dr
=
∫ 2pi
0
∫ pi
0
∫ ∞
0
f(r, s)s2 cosφ sinφdsdφdθ, (54)
where we choose the positive z-axis as the radial direction without loss of generality. The domain Ωα is taken as the
ball of radius a centered at the origin, and the local spherical coordinate system for the integration is centered at r,
and thus the factor − cosφ arises from the quotient (x−y)/|x−y| in the local coordinate system. We will compute
the pressure profile in the radial direction of the ball. The domain outside the ball will be denoted as Ωβ . The open
domain inside the ball is denoted as Ωα. Notice that if the function f(r, s) is angular symmetric and compactly
supported, which is the case for pairwise nonlocal interactions considered in this study, then∫ 2pi
0
∫ pi
0
∫ ∞
0
f(r, s)s2 cosφ sinφdsdφdθ = 0.
Below we will denote f(r, s) with coefficient sαα, sββ , or sαβ as f11, f22 and f12, respectively.
For r ≥ a we have∫ 2pi
0
∫ pi
0
∫ ∞
0
f(r, s)s2 cosφ sinφdsdφdθ =
∫ 2pi
0
∫ pi
pi−arcsin ar
cosφ sinφ
∫ su
sl
(f12 − f11)s2dsdφdθ, (55)
where the lower and upper bounds of integral are sl = −r cosφ−
√
a2 − r2 sin2 φ and su = −r cosφ+
√
a2 − r2 sin2 φ.
We consider a generic term in the integral of eq. 55:∫ su
sl
ke−
s2
2ε2 s3ds =
k
2
∫ su
sl
e−
s2
2ε2 s2ds2
=
k
2
∫ s2u
s2l
e−
x
2ε2 xdx
=
k
2
· −2ε2e− x2ε2 (2ε2 + x) |s2u
s2l
= −kε2e− x2ε2 (2ε2 + x) |s2u
s2l
, (56)
which gives rise to two terms of the same form, one for s2u and the other for s
2
l . We consider the integration of term
for s2u with respect to φ:
Io(k, ε, su) =−
∫ pi
pi−arcsin ar
cosφ sinφkε2e−
s2u
2ε2 (2ε2 + s2u) dφ
=− kε2
∫ pi
pi−arcsin ar
cosφ sinφe−
r2 cos2 φ+a2−r2 sin2 φ−2r cosφ
√
a2−r2 sin2 φ
2ε2(
2ε2 + r2 cos2 φ+ a2 − r2 sin2 φ− 2r cosφ
√
a2 − r2 sin2 φ
)
dφ
=kε2
∫ −1
−
√
1−a2/r2
xe−
r2x2+a2−r2(1−x2)−2rx
√
a2−r2(1−x2)
2ε2(
2ε2 + r2x2 + a2 − r2(1− x2)− 2rx
√
a2 − r2(1− x2)
)
dx
=kε2
∫ 1
√
1−a2/r2
xe−
r2x2+a2−r2(1−x2)+2rx
√
a2−r2(1−x2)
2ε2(
2ε2 + r2x2 + a2 − r2(1− x2) + 2rx
√
a2 − r2(1− x2)
)
dx
=
kε2
r2
∫ r
√
D
xe−
2x2−D+2x
√
x2−D
2ε2
(
2ε2 + 2x2 −D + 2x
√
x2 −D
)
dx, (57)
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where D = r2 − a2. Similarly, we have
Io(k, ε, sl) =−
∫ pi
pi−arcsin ar
cosφ sinφkε2e−
s2l
2ε2 (2ε2 + s2l ) dφ
=
kε2
r2
∫ r
√
D
xe−
2x2−D−2x
√
x2−D
2ε2
(
2ε2 + 2x2 −D − 2x
√
x2 −D
)
dx. (58)
The full integral in eq. 55 is now equal to∫ 2pi
0
∫ pi
pi−arcsin ar
cosφ sinφ
∫ su
sl
(f12 − f11)s2dsdφdθ = 2pi [Io(−Asαβ , ε0, su) + Io(Asαβ , ε0, sl) + Io(−sαβ , ε, sl)
+Io(sαβ , ε, su) + Io(Asαα, ε0, su) + Io(−sαα, ε, su) + Io(−Asαα, ε0, sl) + Io(sαα, ε, sl)] .
(59)
For r < a we have∫ 2pi
0
∫ pi
0
∫ ∞
0
f(r, s)s2 cosφ sinφdsdφdθ =
∫ 2pi
0
∫ pi
0
cosφ sinφ
∫ su
0
(f22 − f12)s2dsdφdθ, (60)
where the upper bound of the integral is su =
√
a2 − r2 sinφ2 − r cosφ. We consider the following generic term in
the integral of eq. 60:∫ su
0
ke−
s2
2ε2 s3ds =
k
2
∫ su
sl
e−
s2
2ε2 s2ds2 =
k
2
∫ s2u
0
e−
x
2ε2 xdx =
[
−kε2e− x2ε2 (2ε2 + x)
]s2u
0
. (61)
This gives rise to two terms. For the upper bound su we compute
Ii(k, ε, su) =− kε2
∫ pi
0
cosφ sinφe−
a2−r2 sin2 φ+r2 cos2 φ−2r cosφ
√
a2−r2 sin2 φ
2ε2(
2ε2 + a2 − r2 sin2 φ+ r2 cos2 φ− 2r cosφ
√
a2 − r2 sin2 φ
)
dφ
=kε2
∫ pi
0
cosφe−
a2−r2 sin2 φ+r2 cos2 φ−2r cosφ
√
a2−r2 sin2 φ
2ε2(
2ε2 + a2 − r2 sin2 φ+ r2 cos2 φ− 2r cosφ
√
a2 − r2 sin2 φ
)
d(cosφ)
=− kε2
∫ 1
−1
xe−
a2−r2+2r2x2−2rx
√
a2−r2+r2x2
2ε2
(
2ε2 + a2 − r2 + 2r2x2 − 2rx
√
a2 − r2 + r2x2
)
dx. (62)
If r 6= 0, then
Ii(k, ε, su) =− kε
2
r2
∫ 1
−1
rxe−
a2−r2+2r2x2−2rx
√
a2−r2+r2x2
2ε2
(
2ε2 + a2 − r2 + 2r2x2 − 2rx
√
a2 − r2 + r2x2
)
d(rx)
=− kε
2
r2
∫ r
−r
xe−
a2−r2+2x2−2x
√
a2−r2+x2
2ε2
(
2ε2 + a2 − r2 + 2x2 − 2x
√
a2 − r2 + x2
)
dx, (63)
otherwise,
Ii(k, ε, su) = −kε2
∫ 1
−1
xe−
a2
2ε2 · (2ε2 + a2)dx = 0. (64)
For the lower bound 0 we have
Ii(k, ε, 0) =− kε2
∫ pi
0
cosφ sinφ(2ε2)dφ = 0. (65)
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The full integration in eq. 60 gives:∫ 2pi
0
∫ pi
0
cosφ sinφ
∫ su
0
(f22 − f12)s2dsdφdθ =2pi
(
Ii(−Asββ , ε0, su) + Ii(sββ , ε, su) + Ii(Asαβ , ε0, su) + Ii(−sαβ , ε, su)
)
.
(66)
4 Two-dimensional flat interface
We consider a flat interface located at x = 0. Note that in this case, the coefficient s(x,xi) = s(x, xi) depends only
on the x−coordinates. We start with:
∇P (x) = −
∫
s(x,y)fε(x− y) x− y|x− y| dy = −
∫
s(x,y)
[
e
−|x−y|2
2ε2 −Ae
−|x−y|2
2ε20
]
(x− y) dy (67)
First, consider
∂P
∂yi
= −
∫ ∞
−∞
∫ ∞
−∞
s(x, xi)
[
e
−(x−xi)2+(y−yi)2
2ε2 −Ae
−(x−xi)2+(y−yi)2
2ε20
]
(y − yi) dydx
= 0 (68)
using the fact that
∫∞
−∞ e
−(y−yi)2
2ε2 (y − yi) dydx. Now,
∂P
∂xi
= −
∫ ∞
−∞
∫ ∞
−∞
s(x, xi)
[
−e (x−xi)
2+(y−yi)2
2ε2 −Ae−
(x−xi)2+(y−yi)2
2ε20
]
(x− xi) dydx (69)
Consider one integral from eq. 69:∫ ∞
−∞
∫ ∞
−∞
s(x, xi)e
− (x−xi)2+(y−yi)2
2ε2 (x− xi) dydx =
∫ ∞
−∞
s(x, xi)e
−(x−xi)2
2ε2 (x− xi)
∫ ∞
−∞
e
−(y−yi)2
2ε2 dydx
=
√
2piε
∫ ∞
−∞
s(x, xi)e
−(x−xi)2
2ε2 (x− xi) dx (70)
Then, for xi < 0,
√
2piε
∫ ∞
−∞
s(x, xi)e
−(x−xi)2
2ε2 (x− xi) dx =
√
2piε
∫ 0
−∞
sααe
−(x−xi)2
2ε2 (x− xi) dx+
√
2piε
∫ ∞
0
sαβe
−(x−xi)2
2ε2 (x− xi) dx
= −
√
2piε3sααe
−x2i
2ε2 +
√
2piε3sαβe
−x2i
2ε2
= −
√
2piε3e
−x2i
2ε2 [sαα − sαβ ] (71)
Therefore, for xi < 0, eq. 69 gives:
∂P
∂xi
=
√
2piε3e
−x2i
2ε2 [sαα − sαβ ]−A
√
2piε30e
−x2i
2ε20 [sαα − sαβ ]
=
√
2pi [sαα − sαβ ]
(
ε3e
−x2i
2ε2 −Aε30e
−x2i
2ε20
)
(72)
For xi ≥ 0, the solution will be the same as eq. 72 with sαβ and sαα switched.
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Therefore, if x < 0,
P (x)− P (−∞) =
∫ x
−∞
√
2pi [sαα − sαβ ]
(
ε3e
−x2i
2ε2 −Aε30e
−x2i
2ε20
)
dxi
=
√
2pi [sαα − sαβ ]
[√
2piε4
2
erf
(
xi√
2ε
)
−A
√
2piε40
2
erf
(
xi√
2ε0
)]x
−∞
= pi [sαα − sαβ ]
[
ε4
(
erf
(
x√
2ε
)
+ 1
)
−Aε40
(
erf
(
x√
2ε0
)
+ 1
)]
(73)
and for x ≥ 0:
P (x)− P (−∞) =
∫ 0
−∞
√
2pi [sαα − sαβ ]
(
ε3e
−x2i
2ε2 −Aε30e
−x2i
2ε20
)
dxi −
∫ x
0
√
2pi [sαα − sαβ ]
(
ε3e
−x2i
2ε2 −Aε30e
−x2i
2ε20
)
dxi
= pi [sαα − sαβ ]
[
ε4 −Aε40
]− 2pi [sαα − sαβ ] [ε4
2
erf
(
xi√
2ε
)
−Aε
4
0
2
erf
(
xi√
2ε0
)]x
0
= −pi [sαα − sαβ ]
[
ε4
(
erf
(
x√
2ε
)
− 1
)
−Aε40
(
erf
(
x√
2ε0
)
− 1
)]
(74)
Figure 3: (Left) Comparison of numerical integration of eq. 69 and the analytic solution in eq. 75 with ε = 1/10.
(Right) Comparison of the analytic solution in eq. 77 and numerically integrating eq. 75.
To summarize the results for a flat interface in two dimensions,
∂P
∂xi
=

√
2pi [sαα − sαβ ]
(
ε3e−
x2i
2ε2 −Aε30e
− x
2
i
2ε20
)
, xi < 0
−√2pi [sαα − sαβ ]
(
ε3e−
x2i
2ε2 −Aε30e
− x
2
i
2ε20
)
, xi ≥ 0
(75)
∂P
∂yi
= 0 (76)
P (x)− P (−∞) =
pi [sαα − sαβ ]
[
ε4
(
erf
(
x√
2ε
)
+ 1
)
−Aε40
(
erf
(
x√
2ε0
)
+ 1
)]
, x < 0
−pi [sαα − sαβ ]
[
ε4
(
erf
(
x√
2ε
)
− 1
)
−Aε40
(
erf
(
x√
2ε0
)
− 1
)]
, x ≥ 0
(77)
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The numerical and analytic solutions are compared in fig. 3. The support for both the gradient of the pressure and
the pressure profiles is 3.5ε, as for the case of a circle or sphere. The pressure profile is similar to that seen in MD
simulations [Masuda and Sawada, 2011, Marchand et al., 2011] and Smoothed Particle Hydrodynamics [Tartakovsky
and Panchenko, 2016].
5 Three-dimensional flat interface
We again consider a flat interface located at x = 0.
First, consider
∂P
∂yi
= −
∫ ∞
−∞
∫ ∞
−∞
∫ ∞
−∞
s(x, xi)
[
e
−(x−xi)2+(y−yi)2+(z−zi)2
2ε2 −Ae
−(x−xi)2+(y−yi)2+(z−zi)2
2ε20
]
(y − yi) dydzdx
= 0 (78)
using the fact that
∫∞
−∞ e
−(y−yi)2
2ε2 (y − yi) dydx. Similarly,
∂P
∂zi
= −
∫ ∞
−∞
∫ ∞
−∞
∫ ∞
−∞
s(x, xi)
[
e
−(x−xi)2+(y−yi)2+(z−zi)2
2ε2 −Ae
−(x−xi)2+(y−yi)2+(z−zi)2
2ε20
]
(z − zi) dzdydx
= 0. (79)
Now,
∂P
∂xi
= −
∫ ∞
−∞
∫ ∞
−∞
∫ ∞
−∞
s(x, xi)
[
e
−(x−xi)2+(y−yi)2+(z−zi)2
2ε2 −Ae
−(x−xi)2+(y−yi)2+(z−zi)2
2ε20
]
(x− xi) dzdydx (80)
Using the same argument as in sec. 4, for xi < 0, we get:
∂P
∂xi
= 2pi [sαα − sαβ ]
(
ε4e
−x2i
2ε2 −Aε40e
−x2i
2ε20
)
(81)
For xi ≥ 0, the solution will be the same as eq. 84 with sαβ and sαα switched.
Therefore, if x < 0,
P (x)− P (−∞) =
√
2pi3 [sαα − sαβ ]
[
ε5
(
erf
(
x√
2ε
)
+ 1
)
−Aε50
(
erf
(
x√
2ε0
)
+ 1
)]
(82)
and for x ≥ 0:
P (x)− P (−∞) = −
√
2pi3 [sαα − sαβ ]
[
ε5
(
erf
(
x√
2ε
)
− 1
)
−Aε50
(
erf
(
x√
2ε0
)
− 1
)]
(83)
Summarizing these results,
∂P
∂xi
=

2pi [sαα − sαβ ]
(
ε4e−
x2i
2ε2 −Aε40e
− x
2
i
2ε20
)
, xi < 0
−2pi [sαα − sαβ ]
(
ε4e−
x2i
2ε2 −Aε40e
− x
2
i
2ε20
)
, xi ≥ 0
(84)
∂P
∂yi
= 0 (85)
∂P
∂zi
= 0 (86)
P (x)− P (−∞) =

√
2pi3 [sαα − sαβ ]
[
ε5
(
erf
(
x√
2ε
)
+ 1
)
−Aε50
(
erf
(
x√
2ε0
)
+ 1
)]
, x < 0
−
√
2pi3 [sαα − sαβ ]
[
ε5
(
erf
(
x√
2ε
)
− 1
)
−Aε50
(
erf
(
x√
2ε0
)
− 1
)]
, x ≥ 0
(87)
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Figure 4: (Left) Comparison of numerical integration of eq. 80 and the analytic solution in eq. 84 with ε = 1/10.
(Right) Comparison of the analytic solution in eq. 87 and numerically integrating eq. 84.
The numerical and analytic solutions are compared in fig. 4.
6 Pressure based on the Lennard-Jones potentials
In this section we consider an analytical solution with fε in eqs. 2, 7, with the Lennard-Jones (LJ) forces. We include
a radial distribution function in the integral to give:
∇P (x) = −
∫
Ω
g(x,y)F int,LJαβ (x,y) dy. (88)
The 9-6 LJ potential is given by
Ujk =
27εjk
4
[(
σjk
|x|
)9
−
(
σjk
|x|
)6]
(89)
where j and k each denote a phase α or β. Note that
∂Ujk
∂x
=
27εjk
2σ
x
[
−9
(
σjk
|x|
)10
+ 6
(
σjk
|x|
)7]
(90)
Then,
∂P
∂xi
=
∫
Ω
g(xi,xn)
27εjk
2σjk
(xi − xn)
[
−9
(
σjk
|xi − xn|
)10
+ 6
(
σjk
|xi − xn|
)7]
dxn (91)
We will consider the case where the interface is an infinite plane located at x = 0, with domain Ωα = (−∞, 0] ×
(−∞,∞) and Ωβ = (0,∞)× (−∞,∞).
6.1 g(x, y) = 1:
∂P
∂xi
=
∫
Ω
27εjk
2σjk
(xi − xn)
[
−9
(
σjk
|xi − xn|
)10
+ 6
(
σjk
|xi − xn|
)7]
dxn
=
∫ 0
−∞
∫ ∞
−∞
27εαα
2σαα
(xi − xn)
[
−9
(
σαα
|xi − xn|
)10
+ 6
(
σαα
|xi − xn|
)7]
dyndxn
+
∫ ∞
0
∫ ∞
−∞
27εαβ
2σαβ
(xi − xn)
[
−9
(
σαβ
|xi − xn|
)10
+ 6
(
σαβ
|xi − xn|
)7]
dyndxn (92)
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Assume yi = 0. Consider a representative integral:∫ ∞
−∞
27εαα
2σαα
(xi − xn)
[
−9
(
σαα
((xi − xn)2 + y2n)0.5
)10
+ 6
(
σαα
((xi − xn)2 + y2n)0.5
)7]
dyn
=
27εαα
2σαα
(xi − xn)
[
−9σ10αα
35pi
128(xi − xn)9 + 6σ
7
αα
16
15(xi − xn)6
]
=
27εαα
2σαα
[
−σ10αα
315pi
128(xi − xn)8 + σ
7
αα
32
5(xi − xn)5
]
(93)
Therefore,
∂P
∂xi
=
∫ 0
−∞
27εαα
2σαα
[
−σ10αα
315pi
128(xi − xn)8 + σ
7
αα
32
5(xi − xn)5
]
dxn
+
∫ ∞
0
27εαβ
2σαβ
[
−σ10αβ
315pi
128(xi − xn)8 + σ
7
αβ
32
5(xi − xn)5
]
dxn
=
27εαασ
6
αα
2
[
−σ3αα
45pi
128x7i
+
8
5x4i
]
+
27εαβσ
6
αβ
2
[
σ3αβ
45pi
128x7i
− 8
5x4i
]
(94)
And thus,
P (x)− P (−∞) =
∫ x
−∞
27εαασ
6
αα
2
[
−σ3αα
45pi
128x7i
+
8
5x4i
]
+
27εαβσ
6
αβ
2
[
σ3αβ
45pi
128x7i
− 8
5x4i
]
=
27εαασ
6
αα
2
[
σ3αα
5pi
92x6
− 8
15x3
]
− 27εαβσ
6
αβ
2
[
σ3αβ
5pi
92x6
− 8
15x3
]
(95)
This integral diverges as x→ 0.
6.2 g(x, y) = exp(−U(r)/kT ):
∂P
∂xi
=
∫
Ω
e
− 27εjk4kT
[(
σjk
|xi−xn|
)9−( σjk|xi−xn|)6
]
27εjk
2σjk
(xi − xn)
[
−9
(
σjk
|xi − xn|
)10
+ 6
(
σjk
|xi − xn|
)7]
dxn. (96)
Note that:
∂P
∂xi
=
∫ ∞
−∞
∫ 0
−∞
e−
U(|xi−xn|)
kT
∂U(|xi − xn|)
∂xn
dxndyn
=
∫ ∞
−∞
∫ V (0)
V (−∞)
e−V kT dV dyn
=
∫ ∞
−∞
[−e−V kT ]V (0)
V (−∞) dyn
=
∫ ∞
−∞
[
−e−U(|xi−xn|)kT kT
]0
−∞
dyn
= −kT
∫ ∞
−∞
1− e−
U
(√
x2
i
+(yi−yn)2
)
kT dyn (97)
where V = UkT . The integral in eq. 97 will clearly diverge because of the −kT
∫∞
−∞ 1 dyn term.
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